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Abstract. We show that any horizontally homothetic submersion from a 
compact manifold of nonncgative sectional curvature is a Riemannian sub- 
mersion. 

The lack of examples of manifolds with positive sectional curvature has been a 
major obstacle to their classification. Apart from S"', every known compact mani- 
fold with positive sectional curvature is constructed as the image of a Riemannian 
submersion of a compact manifold with nonnegative sectional curvature. 

Here we study a generalization of Riemannian submersions called "horizon- 
tally homothetic" submersions. For this larger class of submersions, the analog 
of O'Neill's horizontal curvature equation has exactly one extra term f |Gulj and 
jKWj). This extra term is always nonnegative and can potentially be positive. So 
the horizontal curvature equation suggests that a single horizontally homothetic 
submersion is more likely to have a positively curved image than a given Rie- 
mannian submersion. Since horizontally homothetic submersions are (a priori) 
more abundant, one is lead to believe that they have much more potential for 
creating positive curvature than Riemannian submersions. Unfortunately, our 
main result suggests that this is an illusion. 

Main Theorem. Every horizontally homothetic submersion from a compact 
Riemannian manifold with nonnegative sectional curvature is a Riemannian sub- 
mersion (up to a change of scale on the base space). 

This generalizes the result in jOWj that any horizontally homothetic submer- 
sion of a round sphere with 1-dimensional fibers is a Riemannian submersion. 
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In the special case of maps from — > M, horizontally homothetic submer- 
sions appeared as solutions of the so-called "Infinity Laplace Equation" intro- 
duced by Aronsson ([Ar]) in his study of "optimal" Lipschitz extension of func- 
tions in the late 1960s. Nowadays these solutions are called "infinity-harmonic 
functions" , and have been the subject of a great deal of current research (see e.g. 

nnn, lEi, lE ii, |BEi ] , jEm i], |BJW2] . jBhj, IDE], inEi], PL], iDii, im], 

|EYj, llj, IIK], |.ILM1j . |.ILM2j . [TmT] . pT2] . [Ob] , and the references therein) 
including applications in the areas of image processing (see e.g. |(MSj . P^aj). 
mass transfer (see e.g. |EGj ). and shape metamorphisms (see e.g. |CEPBj ). 

In full generality, horizontally homothetic submersions arose in the study of 
p-harmonic morphisms in [BE], [BW], [BL], [Gul], [Gu2], [KW], [Lo], [Oul], 
[Ou2], |OWj . [Ta], and [Sv]. There are many familiar examples of horizontally 
homothetic submersions from incomplete manifolds with nonnegative curvature 
that are not Riemannian submersions. Before elaborating, we recall the definition 
from [BE] or [BW]. 

Definition 1. A submersion of Riemannian manifolds, ir : M — > B, is called 
horizontally homothetic if and only if there is a smooth function A : M — > M 
with vertical gradient so that for all horizontal vectors x and y 

{^^ y)M = idn (x) , dn (y))^ . 

A is called the dilation ofn. 

If the condition about the gradient of A being vertical is dropped, then ir is called 
a horizontally conformal submersion. 

The power of Riemannian submersions for creating positive curvature stems 
from O'Neill's horizontal curvature equation, which implies that a Riemannian 
submersion vr : M — > N does not decrease the curvature of horizontal planes. 
In fact, the sectional curvature of a horizontal plane spanned by orthonormal 
vectors {x, y} in M is related to the curvature of span {dn (x) , dn (y)} by 

(1) secAT {dn (x) , dn {y)) = sccm {x, y) + 3 \A^yf . 

Here A is O'Neill's "integrability" tensor for the horizontal distribution 

A^y=^-[X,Yr\ 

where X and Y are arbitrary extensions of x and y to horizontal vector fields. 
Thus if M has nonnegative curvature, then sccat {dn (x) ,dn{y))>0 if either 

secjv/ (x, y) > or 
A.y + 0. 
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The generalization of O'Neill's equation for horizontally conformal submersions 
was discovered independently by Kasue and Washio in |KWj and Gudmundsson 
in |(Tulj . If TT : M — > N is horizontally homothetic, then the sectional curvature 
of a horizontal plane spanned by orthonormal vectors {x, y} in M is related to 
the curvature of span {drr (x) , drr (y)} by 

(2) A^secAT {diT {x) , dir (y)) = secM {x, y) + 3\A (x, y)f + |gradlnA|^ . 

Thus if M has nonnegative curvature, then sbcn {dn (x) ,dn{y)) > if either 

secM{x,y) > 0, 

A^y ^ 0, or 
|gradA|^ > 0. 

Thus without our theorem, one would naturally suspect that horizontally homo- 
thetic submersions have much more potential for creating positive curvature than 
Riemannian submersions. 

There are many familiar examples of horizontally homothetic submersions of 
incomplete manifolds with nonnegative sectional curvature that are not Riemann- 
ian submersions. 

Example 2. Radial projection ofW^ \ {0} onto S*""^ is horizontally homothetic 
(see [Gu2] and also |BWj for details). 

Example 3. Metric projection of S"" \ {north pole, south pole} onto the equator 
is horizontally homothetic (see [Gu2] and also [BW^ for details). 

Example 4. View S'''^'^^^ as the join 3^*8'^ . Then metric projection of S^^'^^^\S^ 
onto S'^ is horizontally homothetic. 

For a complete example we need negative curvature. 

Example 5. Let iJ" he hyperbolic space with the upper half space model, 

//" = {(xi,...,x„)eM"|x„>0}. 

Then the projection 

is a horizontally homothetic submersion onto the Euclidean space W^~'^ (see [Gu2] 
and also jBWj for details). 
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Example 6. While the projection of a warped product onto its first factor is 
a Riemannian submersion, the projection onto the second factor is horizontally 
homothetic. All of the preceding examples can he viewed as the projection of a 
warped product onto its second factor (see jPej ). It follows from Theorem 1.3 
in |Waj that all complete warped products of nonnegative sectional curvature are 
isometric to Riemannian products. Thus our main theorem can be viewed as a 
generalization of that result. 

There also examples of horizontally homothetic submersions of incomplete 
manifolds with nonnegative sectional curvature that are neither Riemannian sub- 
mersions nor warped products. For these we use projective spaces. 

Example 7. There are multiple generalizations of Example\^ and Example^that 

involve CP", HP", and CaP^. For example, metric projection of CP"'\{pt} onto 
the copy o/CP"^^ at maximal distance from the point is horizontally homothetic. 

In the flat case we have 

Example 8. A horizontally homothetic submersion u : M" — > M satisfies the 
"Infinity Laplace Equation" {see, e. g., [Xr] , |A('.Tj . |BE.Tj . IC'ECilj . and the 

references therein): 



The solutions are called infinity-harmonic functions. Although there are nontriv- 
ial infinity-harmonic functions on open subsets ofW"-, it is not known whether all 
smooth globally- defined infinity-harmonic functions on M" are affine. 

Horizontally homothetic submersions have played an important role in the 
study of p-harmonic morphisms. For example, by combining results in |BEj . 




Theorem 

Let m > n > 2 and ip : {M"^,g) {N"',h) be a horizontally conformal submer- 
sion. 

(I) If p = n, then tp is p-harmonic map if and only if W^^{y)}yeN is a 

minimal foliation of {M,g) of codimension n. 
(11) If p ^ n, then any two of the following conditions imply the third: 

(a) if is a p-harmonic map, 

(b) {tp""^ {y)} y,zN is a minimal foliation of {M,g) of codimension n, 

(c) p is horizontally homothetic. 

For applications of horizontally homothetic submersions in classifying p-harmonic 
morphisms and biharmonic morphisms between certain model spaces see |Uulj 





|BGj . |BLj . and |Taj we have 
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and |nu2j. 

Although horizontally homothetic submersions appear to be a much broader 
class than Riemannian submersions, the presence of a nonconstant smooth func- 
tion with vertical gradient imposes a fair amount of extra structure. For example, 
it is easy to show 

Proposition 9. Let tt : M — > B be a horizontally homothetic submersion with 
dilation A and let r be a regular value of A so that X^^ (r) is nonempty. Then 

7r|A-i{r) : -^"^ (r) — > B 
is a Riemannian submersion with respect to the intrinsic metric on A^^ (r) . 

The levels of A also force some vanishings of the ^-tensor of tt, but before we 
can elaborate we must refine the definition of the ^-tensor in the horizontally 
homothetic case. 

In the Riemannian case, O'Neill defined the two fundamental tensors, 
AzW = (Vzw,.W'^°"")""*+ (Vzw,.iy''^"*)''°"' and 

These tensors are also important for horizontally homothetic submersions, except 
that it is convenient to modify the definition of the A-tensor to 

where the last superscript indicates that we are taking the component 

that is horizontal and perpendicular to z. In the Riemannian case this defini- 
tion of the yl-tensor coincides with O'Neill's since for a Riemannian submersion 
1 ^zhoriz^yyhorizy^rt ^ ^ ^^^^^^^y^^^^^yrt ( v^w,. 1^''^^*) is already per- 
pendicular to Z. On the other hand, we will show below that for horizontally 
homothetic submersions, V^horiz Z'^""^ has a component that is proportional to 
gradA and (dually) V^wizgradA is proportional to 2''^°"^. 

We assume that the reader has a working knowledge of O'Neill's foundational 
paper |()nj . We use superscripts '^""^ and ^^"^^ on vectors to denote the horizontal 
and vertical parts. Similarly z^'^^ ^ stands for the component of z in the direction 
of gradA; z^^^'^^'^ stands for the component of z that is perpendicular to gradA; 
and more generally, w^'^ stands for the component of w that is perpendicular to 
z. We use 

for the derivative of / in the direction of v. 
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For the moment, we study an arbitrary horizontally homothetic submersion 

TT : M — > B 

with dilation A. Later we will add the curvature and compactness hypotheses. 
Let 

p — —In A. 
Then the gradient of p is also vertical. 

Lemma 10. Let ^ be a geodesic in B, and let X be the horizontal lift ofj defined 
on all of the horizontal lifts of 7. Then 

grad p 



and 



X, 



I grad p\ 

grad p 
I grad pf 



is vertical 



, grad p ) = 0. 



In fact, for any horizontal vector fields X and Y, 

([X,F],gradp)=0. 

Moreover, if V is any vertical field that is perpendicular to grad p, then 

{[X,V],gradp)=Q. 

Proof. Since X is basic horizontal, 

grad p 



Igradpl 

For the second statement, note that 



is vertical. 



grad p 
|gradp|^ 



,gradp 



X, 



grad p 
I grad pp 



Dx(D grad p ip)) - D grad p J Dx(p)) 



Igradpl^ 



Igradpl^ 



= Dx(l) - D grad p (0) = 0. 

I grad 

In the second term of the third equality we have used the fact that Dx{p) = for 
any horizontal vector field X, since the dilation A and hence p is constant along 
any horizontal curve. 



{[X, Y\ , grad p) — and {[X, V] , grad p) — because X, Y, and V are tangent 
to submanifolds (the levels of A) that are perpendicular to grad A. □ 
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Lemma 11. For any horizontal vector X, 



(3) 



grad p 



X 



Yg'^s.a p + - 

2 (grad p, grad p) 2 



grad p 
|gradp|^ 



|gradp| 

In particular, the A-tensor satisfies 

A . grad p = 



Proof. To compute (v x \^^pf i -Xj Koszul formula to get 



I grad p 



2 ' ■ 



M 



D grad p (-^) -i'^) 



M 



grad p 



= Djisdj, (e'^' (<ijr (X) , Ti {X))„) 

Igrad pp 

(cl7r(X),7r(X))^ 
Igrad 

Igrad p| 
= 2e2''(d7r(X),7r(X))^ 



So 
(4) 



grad p X \ X 



grad p| 1^1 / 1-^ 



gradp \ X 
Igrad p| 



IXI 



X. 



Similarly, if Z is any basic horizontal field that is perpendicular to X, then the 
previous Lemma and the Koszul formula give 



Igrad p| 



0. 



If V is any vertical field that is perpendicular to \^^p\i ^^'^ 
the Koszul formula gives 



Igrad p| 



gradp 
Igradpp 



, then 
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In the direction of r^^^r^^, we have 

Igrad p| 

/ gradp gradp \ (grad p, grad p) ^ / ^ ^ \-i 

2(Vx^ r^,- r^) = Dx- — 2 = I^x (gradp, gradp) 

(grad p, grad p) 



1 2 ' I 1 2 

Igrad p| Igrad p| 



So 
(5) 

In case 
(6) 



= — (grad p, grad p) Dx (grad p, grad p) 
_ Dx (grad p, grad p) 
(grad p, grad p)^ 

gradp gradp \ gradp (grad p, grad p) , 

\ 9, 1 ; — r / 1 — r = 5-gradp. 

\ Igrad p| Igrad p|/ |gradp| 2 (grad p, grad p) 

X, -S^^ = 0, we are done. If not, take W = rr^^^^^r. Then 

' Igrad J ' ' I I^X,-'"' " 

2/Vx^^ 



Igrad p| 



grad p 



From (jlj), (jSj) and (jHI) we obtain Equation 0. 



Igrad, "'^ 



The statement about the A-tensor follows from its (new) definition and the 

\ horiz 

fact that [VxT^^] =X. □ 



Igrad 



Since p is constant along any horizontal geodesic we have 

Proposition 12. // the global maximum or minimum of p occurs at p, then it 
also occurs along the entire length of any horizontal curve passing through p. 

In fact, we have 

Lemma 13. If r is a regular point of p, then so is the entire length of any 
horizontal curve passing through r. 

Proof. Let 7 be a curve in the base. Then the horizontal lifts of 7 give a family 
of diffeomorphisms 

H, : TT-' (7 (0)) n-' (7 (t)) , H,ix) = 7(1), 

where 7 is the horizontal lift of 7 starting at x G 7r^^(7(0)). These were studied 
as early as 1960 in [He] and were called "Holonomy Displacement" maps in [GG]. 
Since a horizontal curve stays in a fixed level of p, it follows that for any x G 
7r~^ (7 (0)) , p o Ht (x) is independent of t. Thus for a regular point r of p 



dp{{dHt)^ (grad p)) 
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is independent of t. Since grad p is nonzero at r, it follows that 
for all t. In particular, grad p is nonzero for all t. 



□ 



Generalizing Lemma 2.2 in |UWj we have 

Proposition 14. Let be a horizontal lift of a geodesic 7 in B. Then, 7 is an 
intrinsic geodesic of its level set of p, and a geodesic of M only if the level is 
critical. 

Proof. Let X be the horizontal lift of 7', and let Z be any vertical field that is 
tangent to a level set of p. Then using the Koszul formula 



All three of these terms are 0. Indeed Dz {X, X) = 0, since Z is tangent to a level 
of p and X is basic horizontal and {[X, Z] , X) = 0, since X is basic horizontal. 
If Z is horizontal, then by the Koszul formula 



2{VxX, Z) 



Dz {X,X)-{[X,Z],X) + {[Z,X],X). 




2{Vdnix)d7r{X),d7r{Z)), 



which is 0, since X is a lift of a geodesic field. 

It follows that 7 is an intrinsic geodesic for its level set of p. 
On the other hand, since X is basic horizontal 





Igrad p 




,{e'P{d7v{X),d7r{X))s) 



2{d7l {X),dTV (X)) 



e^^L'gradp (p) 



2 Igrad p|^ 
= -e^f{dn{X),dn{X)) 

and hence is nonzero wherever grad p is nonzero. 



B 



□ 
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nma it>. 

rj, ^ ^ Dx (grad p, grad p) / grad 
igradpi 2 (grad p, grad p) \|grad 



grad p\ 



grad p 



I — n2'^ 

Igradpl 



grad p 
Igrad p\ ' 



Proof. Since 

J gradp y\ , - - - 

• Igradpl, 



IS 



perpendicular to grad p, we use Lemma [TTl to get 



grad p\ 



/ gradp 

, Vx^ — ^,grad 

Igradpl 



P 



X, 



I (gradp, gradp) 1 

\ 2 (grad p, grad p) 2 

Dx (gradp, gradp) 

= 2~ (grad p, grad p) 

2 (grad p, grad p) 

_ Dx (gradp, gradp) 

2 (grad p, grad p) 

If y is a vertical vector that is perpendicular to grad p and jj^^) -'^ 
Koszul formula gives 



grad p 
grad p|^ 



, grad p 



then the 



T grad p -J \^ 



Igrad p\ 



V gradp V 



Igrad p| 



Finally, if W 



r gradp 
L Igrad p|^ 



grad p 
Igrad pI*^ 



then 



2(Tgradp X,W 

Igrad p| 



2 Igradpl ( V gradp X, W 
Igrad p| 



Igrad p\'-^ 

grad p 



. Igrad p|' 



w 



□ 



The following Lemma can be found in |BWj . 
Lemma 16. For any basic horizontal field X and any vertical field V, 
{R{X,V)V,X) = {{VxT)yV,X)-{TvX,TvX) + {AxV,AxV) 

Vy (VxV^'^P)'"'"' , X) + ( Vx {Vvvy''' , X) . 



Remark 17. Note that the first three terms are precisely O'Neill's formula for 
vertizontal curvature of a Riemannian submersion. In that case, ^Vy (^Vx^^^'^'^'^'')'*""^ , X 
vanishes since gradp = 0, and the last term vanishes by the antisymmetry of the 
A-tensor. 
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Proof. 

{R{X,V)V,X) = {VxVvV,X)-{VvVxV,X)-{Vix,v]V,X) 

'yx iyvvf""' , x) + ( Vx iyvvy^^' , x) 

Letting the superscript s'^^'^p denote the component tangent to gradp, and sradp,± 
denote the component perpendicular to grad p, and using the definition of the 
y4-tensor and Lemma ITTl we get that the third term is 

Vy {VxVy""' , = - (Vv {VxV^'^'' , X^ - (Vv {VxV^^''''^)''''"' 

horiz 



Vv {VxV^''''''') , Xj - (Vy (AxV) , X) . 
Thus if we also use the definition of the T-tensor, we get 
{R{X,V)V,X) = {Vx{TvV),X)-{Vv{AxV),X) 

- (Ty {VxVr''' , X) - ^V(v,y)--T/, X) + ^V(v,,x)-'^, 

- (Vy {VxV^'^^)''°"\X^ + (Vx {Vvvy''\x) 
= {Vx {TyV) , X) - (Ty iVxVr'' , X) - (r^^^^yy^rtV, X 

+ (r^j^^^yer^V, X) + {AxV, AxV) 

- (Vy yxV^^'^ff'^^x) + (Vx (VyV)"^'^* ,X) 
= {{VxT)y V, X) - (TyX, TyX) + (AxV^, AxV) 

Vy (VxV^'^'^'^)''"" ,X) + (Vx (VyV)'^^'"* ,X> . 



□ 

When V = ^4^, the first non-Riemannian term can be simplified as follows. 

Igrad p\ ' 

Proposition 18. When V = ||^, 

Vy (VxV^^'^"'''')''°"',x) = Igradpl + |gradp|') (X,X) 
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Proof. We use Equation Q to get 

rad \ horiz \ / / rad \ horiz 

V gradp ( Vy- — ,X) = ( V grad^ ( Igradpl Vx-^ ;o ,X 

gradpi y |grad/9|/ / \ igradpi y Igradpl / 

V gradp (Igradpl , X 

Igrad p| 



( -D gradp Igrad p| ) X + |grad p| V gradp X, X 

\ Igrad p| / Igrad p 

( D gradp Igrad p| ) (X, X) + |grad p|^ ( V gradp X, X 

V grad p / \ Igrad p|^ 

fl^ gradp Igrad p|) (X, X) + Igrad p|' (X, X) . 

\ Igradpl / 



□ 



The last non-Riemannian curvature term can also be simplified when V 

grad p 



Igradpl 



Proposition 19. When V =#^, 

Igrad p\ ' 



Proof. We have 



(vx(VyT/r^x> = (vxfv^^^y'''\x) + 

^ \ V Ig^^adpl/ / 

/ gradp V'^'"^'' \ 

Vx V gradp 1 T ) • 

\ Igradpl Igrad p| / / 

The first term on the right-hand side of the above equation is by the antisym- 
metry of the A-tensor. Thus, 



grad p 

grad p 



Igradpl Igrad p| 



grad p 

,X ). 



Since 



grad p grad p \ 1 / grad p grad p 

V grad p ■] ^ r , - - - ) = ~ LJ grad p 



Igradpl Igrad p| ' Igrad p| / 2 igrad p| \ |grad p| ' |grad p| 
the entire last term is 0. □ 
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R I ^ gradp ^| gradp ^ 



Igrad p|/ Igrad p 
grad p 



grad p 

Igrad p| Igrad p| 



^Z"* grad p ^ grad p 



grad p 



grad p 



^ gradp ^ gradp 
Igrad p| ' Igrad p| 



- (D gradp Igrad p| + |gradpn {X,X) . 

V Igrad p / 



Since the A-tensor term vanishes, we get 



(7) 



X I T grad p 



gradpl/ Igrad p| 
grad p 



Igrad p I Igrad p| 



2 ( T 



grad p 
Igrad p\ 



gradp 
grad p| 



vert 



,x 



r gradp X, T gradp — gradp |grad p| + |grad p|^ ) {X, X) . 

Igrad p| grad p / \ grad p / 

The second term on the right hand side of the previous display is given by the 
following result. 



Proposition 20. 



-2 ( T 



grad p 
Igrad p\ 



V 



X- 



grad p 



vert 



X 



Igrad p|^ 



X, 



grad p 
Igrad p|^ 



Igrad p| 

Proof. First note that since has constant length, (Vx^^, = 0. 

■' Igrad p| o 5 \ ^ Igrad p|' |gradp| / 



Thus 



grad p 



' X- 



vert 



Igrad p| ( V 



grad p 



X- 



vert,. 



Igradpiy V Igrad pp 

where the superscript ^'^^'^^-^ signifies the component that is vertical and perpen- 
dicular to grad p. Using Equation (jH)) we obtain 



Therefore 



T, 



;rad p 
grad p 



X' 



grad p 
Igrad p| 



grad p 
grad p| 



vert 



Igrad p| - 



X, 



vert 



X 



grad p 



grad p 
grad p|^ 

■ gradp 
Igradpf 



X 
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grad p 
Igrad p| 
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grad p 
' Igrad 



then we get 



grad p 
grad p\ 



vert 



(Tgradpl^,X) 
(VgradpH^,^) 

([X,gradp],W^) 



- ( [X,gradp] 



grad p 
Igrad 



Since 



grad p 
' grad 



is perpendicular to grad p we get 



T 



grad p 
Igrad p\ 



as desired. 



grad p 
i;rad pi 



vert 



>^ ) = ^ Igrad p|^ 



grad p 
Igrad p|^ 



grad p 
Igrad p|^ 



□ 



Using Lemma El continuity of the second derivatives of p, and compactness 
give us 

Proposition 21. Let tt : M — > B he a horizontally homothetic submersion of a 
compact Riemannian manifold with nonconstant dilation function. 

Throughout any horizontal lift of a geodesic in B that passes through regular 
points of p and is sufficiently close to the minimum level of p, 



[D gradp Igrad p| + |gradpn {X,X) 

\ Igrad p| / 



is negative and uniformly bounded away from along the given horizontal geo- 
desic. 



To control the final vertizontal curvature term ( Vx (T gradp #^4^ ) ,X 
use compactness to get 



we 



Lemma 22. For any horizontal lift 7 : (—00, 00) — > M of a geodesic in B that 
passes through regular points of p and for any e > 0, there is an interval [a, b] so 
that 



1 



b ~ a 



Vx ( T grad p 7^ 1 : X 



Igrad p\ 



ITSid p\ 



< e. 
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Proof. We write 

grad p 



' X 



T gri 



grad p 



grad p I Igrad p\ 



Dx ( Tgradp 7^ , X 



grad p I Igrad p\ 
grad p 



gradp 

i grad p , V 

Igrad p I Igrad p\ 



grad p 



Igrad p I Igrad p 



Here 



gradp 

grad p - - j- 

gradpt Igrad p| 



since Tgradp ^^ff^ is horizontal and V xX is proportional to grad p. 



Igrad p| 



If 7 were periodic with period jo, then 
1 r / gradp 

i^X \ gradp ■; ; r , A 



;radp| Igrad p| 



gradp 

J grad p , V\ 

p \ Igrad pi Igrad p| 
0. 



By compactness of the unit tangent bundle of M, we can find an interval on which 
7 is almost periodic with the error being any predetermined quantity, yielding 
the result. □ 

Combining the previous three results with our vertizontal curvature formula 
dZj), we get 



Proposition 23. Let vr : M — > B he a horizontally homothetic submersion of a 
compact Riemannian manifold with nonconstant dilation function. Any horizon- 
tal lift of a geodesic in B that passes through regular points and is sufficiently close 
to the minimum of p passes through some points with some negative vertizontal 
sectional curvatures. 

Our main theorem is a corollary of the previous proposition. 



NoNPOsiTiVE Curvature 

Much of our argument carries through to compact manifolds with nonpositive 
sectional curvature; however, the two vertizontal terms 

— 2 / T grad p ( VxT~ T~i\ 1 ^ ) ~ / tgradp X, Tgradp X 

\ Igradpl y |gradp|/ / \ Igradpl Igrad p| 

are nonpositive and one expects them to usually be negative. By assuming them 

away we get 
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Theorem 24. Every horizontally homothetic submersion of a compact manifold 
with nonpositive sectional curvature is a Riemannian submersionn (up to a change 
of scale on the base), provided the fibers are totally geodesic. 

Proof. Since the fibers are totaUy geodesic and ||^^^ is in the kernel of the A- 
tensor 

R ( X, ^) ^,x) = - (d^ Igrad pl + Igrad pf) {X, X) . 

\ |gradp|/ |gradp| / \ igradpi ' / 

If p is nonconstant and we are close enough to a point where it achieves its 
maximum, then 

r{x,^\^y\ = -(i3^|gradp| + Igrad 

\ Igrad p|/ Igrad p| / \ igradpi ' / 

> 0. 

So p must be constant if the domain is compact, the sectional curvature is non- 
positive, and the fibers are totally geodesic. □ 

Acknowledgement: We are grateful to Paula Bergen for copyediting a draft 
of this paper. 
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